We study the leading-twist quasi parton distribution function (quasi-PDF) and quasi generalize parton distribution (quasi-GPD) of the pion meson by using a spectator model. We consider the case the quasi functions are defined via inserting the matrix γz in the spacial correlation functions. We obtain the analytical expressions for the quasi-PDF and quasi-GPD. The numerical results for them are calculated from the parameters obtained by fitting the model results to the known parametrization. Particularly, we investigate the hadron momentum dependence of the quasi functions as well as compare the quasi distributions to the standard functions at different hadron momentum. We find that in the region x > 0.2, the quasi distribution are similar to the standard distributions in size and shape when the hadron momentum is larger than 2 GeV. Our study thus supports the idea of using quasi distributions to obtain standard distributions.
I. INTRODUCTION
The concept of quasi-PDFs for hadrons has been proposed recently in the seminal papers by Ji [1, 2] and has received a lot of attention. Different from the standard parton distribution functions (PDFs) which are defined through the light-cone correlation function, quasi-PDFs are defined by the bilocal operator on a spatial interval such that they can be calculated by the lattice QCD in a four-dimensional Euclidian space. Standard PDFs, which are of fundamental importance in haronic physics, describe the density that a parton carries in hadron a light-cone fraction x of the total momentum, while quasi-PDFs have similar interpretation, but for a parton carrying a fraction x of the finite momentum P of the hadron. Although introducing quasi-PDFs will bring a explicit dependence on the hadron momentum (usually denoted by P z = | P |), it is found that in large limit of P z , the quasi-PDF converges to the standard PDFs. This provides a convenient way to calculate the x-dependence of the standard PDFs by using Lattice QCD. In particular, a number of lattice calculations on quasi-PDFs and related quantities [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . have been performed. Meanwhile, to explore for what values of P z the quasi-PDFs and the standard PDFs are approximation of each other, several model calculations of quasi-PDFs have been carried out [22] [23] [24] [25] [26] [27] [28] [29] .
Recently, the concept of quasi-PDFs has also been extended to the case of generalize parton distributions (GPDs) [30] [31] [32] . It was proposed in parallel with the quasi-PDFs in Ref. [1] . GPDs are powerful tool developed to characterize the hadron structure two decays ago years (For reviews, see Refs. [33] [34] [35] [36] [37] [38] ). They unify the conventional notions of parton densities, form factors and distribution amplitudes, which are widely applied in the study of hadron structure. They also enter the descriptions of various hard exclusive processes [30] [31] [32] [39] [40] [41] , and they are key objects toward a precision three-dimensional imaging [42] [43] [44] [45] of partons inside the hadron. Similar to quasi-PDFs, quasi-GPDs may be also calculated on a four-dimensional lattice within QCD. Although there is no direct lattice calculation of qausi-GPD of the nucleon, the matching procedure between the quasi-GPD and the standard GPD has been developed [46] [47] [48] by using large momentum effective theory. On the other hand, quasi-GPDs of the nucleon has been studies by models [49, 50] , which may provide useful theoretical constraints on those objects.
In this paper, we will investigate both the quasi-PDFs and the quasi-GPDs of the pion meson using a spectatorantiquark model. Although the pion meson is the lightest hadron, it still remains as a challenge to determine its nonperturbative properties, including its partonic structure [51, 52] . Compared to nucleons, the structure of the pion meson has not been probed extensively by experiments due to the fact it can not been served as a target in high energy scattering processes. It thus largely relies on theoretical studies as well as lattice calculations which are important for obtaining the information on the pion structure. As the standard distributions of the pion are the mapping of the quasi distributions in large P z limit, the study of quasi-distributions paves the way to gain information of the pion structure through lattice calculations. Particularly, the first lattice results for the quasi-PDF and the quasi-GPD (at zero-skewness) of the pion meson are available [53, 54] . In the present work, we will focus on the leading-twist chiral-even quasi-PDF and quasi-GPD of the pion meson. The higher-twist or chiral-odd quasi-distributions can be studied in a similar way. The main purpose of our study is to understand, to what extent, the quasi-PDFs and the quasi-GPDs of the pion can approximately describe by each other from the viewpoint of models.
We organize the paper as follows: In Sec. II, we set up the kinematics and review the operator definitions of quasi-PDFs and quasi-GPDs. In Sec. III, we analytically calculate the quasi-PDFf 1π (x, P z ) and the quasi-GPD F 1π (x, ξ, ∆ ⊥ , P z ) of the pion meson in the spectator-antiquark model. The results of the standard PDF and the standard GPD are also given for later comparison. In Sec. IV, we provide the numerical results for the quasi-PDF and the quasi-GPD and explore the x and P z dependence of the quasi distributions. The skewness dependence of the quasi-GPD is also presented. Finally, in Sec. V we summarize our work.
II. KINEMATICS AND DEFINITIONS
In this section, we shortly review the standard PDF as well as the GPD of the pion meson at leading-twist. The Standard PDF is usually defined as the bilocal operator on the light-cone:
with P denoting the four-momentum of the pion moving along the z-axis with the components (P + , P − , 0 ⊥ ) in the light-cone coordinates, in which the plus and minus components of any four-vector a µ have the form a ± = (a 0 ±a 3 )/ √ 2, and transverse part a ⊥ = (a 1 , a 2 ).
In Eq. (1), L[ζ − , 0] is the gauge-link insuring the gauge-invariance of the operator definition:
where P denotes the path ordering of the gauge-link, A + the plus-component of the gluon field, g the coupling constant.
Similarly, standard GPDs can be defined through the following light-cone quark-quark correlator
where Γ denotes a generic gamma matrix, ∆ = p ′ − p = (∆ + , ∆ − , ∆ ⊥ ) is the momentum transfer of the hadron. The color gauge invariance of the correlator is again ensured by the gauge-link L[ ζ − 2 , − ζ − 2 ] similar to (4), but running from − ζ − 2 to ζ − 2 along the minus light-cone component:
The four-momenta of the initial-state and final-state hadrons are represented by p and p ′ , respectively. For GPDs one usually works in the so-called symmetric frame in which the commonly used notations for the kinematical variables are
where ξ is the skewness variable in the range 0 ≤ ξ ≤ 1, M is the mass of the hadron. For spin-0 hadron such as the pion meson, in twist-2 there is one chiral-even GPD which can be defined by setting Γ = γ + in Eq. (3):
where the skewness variable separates the x region −1 ≤ x ≤ 1 to two catalogs, one is the DGLAP region for quarks (antiquarks) ξ ≤ x ≤ 1 (−1 ≤ x ≤ −ξ), the other is the ERBL region −ξ ≤ x ≤ ξ.
In the following we turn to the definitions of the quasi-PDF and quasi-GPD of the pion meson. The quasi-PDFs are equal-time spatial correlations along the z-direction, and the corresponding operator definition has the following form
where we used the same notation for the fractional momentum of the quark inside a hadron moving along the z direction: x = k z P z . For quasi-PDFs the Minkowski components are used for any four-vector: a µ = (a 0 , a ⊥ , a z ), in which the hadron momentum is P = (P 0 , 0 ⊥ , P z ). In addition, L nz in Eq. 7 is the gauge-link insuring the gaugeinvariance of the operator definition:
where n z = (0, 0 ⊥ , 1) and n z · v for any four-vector v µ Finally, the twist-2 chiral-even quasi-GPD of the pion is defined through the following spatial correlator:
III. ANALYTIC CALCULATIONS
In this section, we apply the spectator model to perform the analytic calculation on the quasi-PDF f 1π (x; P z ) and quasi-GPD F 1π (x, ξ, ∆ ⊥ ; P z ) of the pion. The spectator model [55] has been widely applied to study the (TMD)PDFs [56] [57] [58] [59] [60] [61] and GPDs [62] of the nucleon as well as those of the spin-0 hadron [63] [64] [65] . The spectator model has also been used to calculate the unpolarized/polarized quasi-PDFs [22] and quasi-GPDs [49, 50] of the nucleon recently. In the spectator model, the Fock-state of the hadron can be truncated as the active quark and an intermediate spectator., In the case of the pion, the spectator is served by the antiquark, and the coupling between the pion and the quark-antiquark pair is characterized by a pseudo-scalar interaction. Thus, the interaction part of the Lagrangian can be written as (including the isospin)
where g π is the coupling of the pion-quark-antiquark vertex. To smoothly suppress the influence of large k ⊥ and eliminate the divergences arising after integration over k ⊥ when using a point-like coupling, we replace g π with a exponential form factor as follows
wherex = |x|, and Λ(x) =x α (1 −x)βλ can be understood as the cutoff parameter, with α and β the parameters of the model. We note that in Ref. [22] the dipolar form factor was adopted to calculate the quasi-PDFs of the nucleon in the spectator model, while in Ref. [49] , a cutoff Λ = 1 GeV was chosen for the k ⊥ integration. By choosing the form factor in Eq. 11, we have limited the applicable range of our model to the region −1 ≤ x ≤ 1, since this is the most interesting kinematical region for quasi-PDFs and quasi-GPDs. In Ref. [49] , the calculation of quasi-GPDs has been extended to the region |x| > 1.
A. Twist-2 standard PDF and GPD of the pion meson
For the unpolarized PDF of the pion meson, the corresponding expression for the calculation is
where M q is the quark/antiquark mass. The integration over k − can be carried out by using the replacement:
which yields
Next we perform the k ⊥ -integration analytically and obtain the following result
where
is the zeroth-order incomplete Gamma function. On the other hand, the twist-2 chiral-even GPD for a spin-0 hadron, denoted by F 1π (x, ξ, ∆ ⊥ ) [64] , can be calculated from the following correlator
where g ± π = g π k ⊥ ± 1 2 ∆ ⊥ When calculating GPDs, apart from the cut through the spectator, those through the active quarks should also be included [66] . After some algebra, the results for F 1π (x, ξ, ∆ ⊥ ) can be organized as [64] 
where the numerator N (x, ξ, ∆ ⊥ , k ⊥ ) has the form:
and the D i in the denominator
where D x≥ξ 2 comes from the cut through the spectator antiquark, and D −ξ≤x≤ξ 2 corresponds to the cut through the quark line, which gives the contributions in the ERBL region.
B. twist-2 Quasi-PDF and quasi-GPD of the pion meson
According to Eq. 7, the quasi-PDF of the pion meson in the spectator model can be calculated from
Analyzing the pole structure of the integrand in Eq. 20, we can rewrite the denominator as
where k 0 ± are the poles for k 0 :
with
Performing the integration over k 0 using the residue theorem, on can obtain f 1π (x; P z ) as
The numerator N in Eq. 25 has the form
and N ′ (k 0 ) is the first-order derivative of N (k 0 ) coming from the contribution of the double pole
It can be easily verified that in the limit P z → ∞, the quasi-PDF in Eq. 25 reduces to the standard PDF presented in Eq. 15.
On the other hand, in literature [22, 23] the cut-diagram approach has also been applied to calculate the quasi-PDF of the proton. In this framework, a sum over a complete set of states between the quark fields is inserted into the quasi-PDF operator. Here we apply this approach to calculate the quasi-PDF of the pion for comparison:
This result corresponds to the first term of on the right hand side of Eq. (25) . As shown in Ref. [49] , this term will only give rise to the quasi-PDF in the positive x region. The quasi-GPD of the pion meson can be calculated in a similar way. In the spectator model, the correlator to calculate the quasi-GPD has the form:
The quasi-GPD can be define by setting Γ = γ z or Γ = γ 0 , as shown in Ref. [49] . In our calculation we will adopt Γ = γ z to calculate the quasi-GPD. We checked that the two choices are qualitatively agree with each other. After performing the k 0 -integral using the contour integration, we write down the analytical result of the quasi-GPD as follows
where the numerator has the expression
g ′ π λ α β 6.316 ± 0.514 0.855 ± 0.138 0(fixed) 1(fixed) with δ = 1 +
. To obtain the above result we have also used the relations
The denominators in (30) have the forms
The poles for the quark propagators and the antiquark spectator are given by
To choose the poles k 0 = k 0 i− means that we close the upper half plane to perform the integration. The analytical result for the quasi-GPD of the pion meson in the spectator model applies in the whole x region, including the ERBL region −ξ ≤ x ≤ ξ. This is different from the spectator model result of the standard GPD, which has different expressions in the DGLAP region and in the ERBL region. We also verify that in the large limit of P z , the quasi-GPD sketched in Eq. (30) will converge to the standard GPD in Eq. (17) .
IV. NUMERICAL RESULT
To obtain a more realistic result for the quasi-PDF and quasi-GPD of the pion meson, we fit our model result of f 1 π(x) to the known parametrization, e.g., the GRV parametrization [67] for the pion. As the GRV parametrization does not provide the uncertainties for the PDF, we will take 20% of the PDF value as its uncertainty, which is a reasonable choice. The fitted values for the parameters together with their uncertainties are given in Table. I. We adopt the quark mass as m = 0.2 GeV. In fig. 1 , we plot our fit on f 1π (x) and compared the curve to the GRV parametrization for f 1π at the scale µ 0 = 0.5 GeV. The solid line corresponds to the model result of f 1π (x) calculated from the central values of the parameters. The dashed line denotes the GRV parametrization for f 1π (x). A qualitative agreement between the model and the parametrization is found.
In the left panel of Fig. 2 , we plot the quasi-PDF of the pion meson in the spectator model as the function of x. The solid line, dashed line and dotted line depict f 1π (x; P z ) at P z = 1 GeV, 2GeV, and 3 GeV, respectively. The dashed-dotted line corresponds to the standard pion PDF f 1π (x) calculated from Eq. (15) . We find that in the region x > 0.4, the quasi-PDF at P z = 2 or 3 GeV is very close to the standard PDF, both in shape and size. This is different from the spectator result for the proton for which the quasi-PDF and the standard PDF can be very different at large x region. In the negative x region, although the size of f 1π (x; P z ) is much smaller than that in the positive x region, it is clearly nonzero. In the positive x region, the size of the quasi-PDF increases with increasing P z . In the region x < −0.2, the quasi-PDF is negative. We have numerically verified that, when choosing very large values for P z (P z ≫ 1 GeV), f 1π (x; P z ) approaches to f 1π (x). Also, an interesting feature in our model is that f 1π (x; P z ) for different P z are almost same at x = 0.
In the right panel of Fig. 2 , we compare the quasi-PDF calculated from the contour integration (thick lines) and that calculated from the cut-diagram approach (thin lines) at different P z values. We find that, in the large positive x region, the two approaches are consistent. However, in the small x region, there is substantial difference between the two approaches. It comes from the last four terms on the right hand side of Eq. (25) . In the negative x region, the quasi-PDF from the cut diagram approach vanishes, since the parton energy is required to be positive. Fig. 3 shows the P z -dependence of the quasi-PDF f 1π (x; P z ). It can be seen that there is almost no P z dependence at x = 0. This is consistent with the results in Fig. 2 . In the smaller |x| region (|x| = 0.1), one can see a strong P z dependence of f 1π (x; P z ); while in the larger |x| region (|x| = 0.5), the P z dependence of f 1π (x; P z ) is rougher small, and the curves turn to flat at P z ∼ 2 GeV, which seems a scale reachable for current calculations of quasi-PDFs in lattice QCD [53] .
In Fig. 4 , we plot the quasi-GPD F 1π (x, ξ, ∆ ⊥ ; P z ) of the pion meson as the function of x at different P z , ξ, and ∆ ⊥ values. The upper, central and right panels show F 1π (x, ξ, ∆ ⊥ ; P z ) at ξ = 0.07, 0.2 and 0.5, respectively. The left panel depicts F 1π (x, ξ, ∆ ⊥ ; P z ) at ∆ ⊥ = 0 GeV, while the right panel shows F 1π (x, ξ, ∆ ⊥ ; P z ) at ∆ = 0.3 GeV. The solid, dashed and dotted curves in each panel correspond to the quasi-GPD at P z = 1 GeV, 2 GeV and 3 GeV respectively. The dashed-dotted curves plot the standard GPD F 1π (x, ξ, ∆ ⊥ ) for comparison. The quasi-GPD is continuous in the whole x region. One can see that the standard GPD is also continuous, while its first-derivative is discontinuous at x = ξ. We find that the quasi-GPD peaks in the region around x ∼ ξ. In the case xi is small (such as ξ = 0.07), one can see that the size of the quasi-GPD at low P z (=1 GeV) is smaller than the size of the standard GPD. In the region x < −ξ, the quasi-GPD is nonzero, and mostly negative. This is in contrast to the result of the standard GPD, which vanishes in the x < −ξ region in the spectator model. The quasi-GPD in the x < −ξ region is much smaller than that in the region x > ξ. In the large ξ region, the quasi-GPD at different P z is very close to the standard GPD, namely, they have similar size and shape. This result implies that the information on standard GPDs may be obtained from quasi-GPDs through nonperturbative methods such as lattice calculation [54] . One can also find that, for small ξ (ξ < 0.2), the sizes of the quasi-GPD and the standard GPD decrease very quickly when x decreases from ξ to −ξ. While in the large xi region, a "broadening" of the x-dependence of the quasi-GPD and the standard GPD can be observed. For the ∆ ⊥ -dependence of the pion quasi-GPD, generally the size of the quasi-GPD decrease with increasing ∆ ⊥ .
To better illustrate the P z dependence of the Quasi-GPD, in Fig. 5 , we plot F 1π (x, ξ, ∆ ⊥ ; P z ) as the function of P z at different x values. The left and right panels correspond to the results at ξ = 0.07 and ξ = 0.3, respectively. Without lose of generality, in both cases we choose ∆ ⊥ = 0. We find that in the small P z region the P z dependence can change with the change of ξ. In the large P z the quasi-GPD varies slowly. In the case of ξ = 0.3, we find that, even in the region P z is not too large (such as P z = 2 GeV), the quasi-GPD almost becomes flat, which verifies the finding in Fig. 4 .
V. SUMMARY
In this paper, we have calculated the leading-twist quasi-PDF and the quasi-GPD of the pion meson using a spectator-antiquark model. The quasi-PDF and quasi-GPD are defined via inserting the matrix γ 3 in the spatial quark-quark correlator. In order to obtain the analytical results for these distributions, we have performed k 0 -integral using the contour integration. We have found that the quasi-PDF and quasi-GPD can reduce to the analytical results of the corresponding standard PDF and GPD in the limit P z → ∞. We have used an exponential form factor for the pion-quark-antiquark coupling to regularize the divergence in the high k T region, and we have focused on the kinematical region −1 ≤ x ≤ 1, in which the analytical results of the quasi distributions are continuous. We also calculated the quasi-PDF using the cut-diagram approach for comparison. The parameters of the model have been determined by fitting the model result of the unpolarized PDF f 1π (x) to the GRV parametrization to obtain more realistic results. Our numerical calculation shows that, the quasi-PDF and the standard PDF of the pion meson almost coincide with each other in the region x > 0.2. In the region P z or ξ is not small, the quasi-GPD of the pion meson is close to the standard GPD. The P z dependence of the curve also shows that the quasi distributions in the intermediate and large x region turns to flat when P z > 2 GeV. In summary, our study have provided model implications and constraints on the quasi-PDF and quasi-GPD of the pion meson, which in general supports the idea of using quasi distributions to get information on standard distributions in lattice QCD.
